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2
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1. The diagonals of convex quadrilateral ABCD intersect at E. Suppose that AE = BE = CE = CD
and ∠ECD = 36◦. If α = ∠ABE and β = ∠BCE, find α/β.

2. A Cornell professor’s teaching assistants (TAs) belong to exactly one of two categories: undergrad-
uate TAs or graduate TAs. The professor wants to choose three distinct TAs to proctor an exam.
The group must consist of either two undergraduate TAs and one graduate TA, or two graduate
TAs and one undergraduate TA.

There are exactly 63 groups satisfying this requirement. Groups are distinguished only by their
members; the order of selection does not matter. How many TAs does the professor have in total?

3. Let S be the set of all real numbers θ with 0 ≤ θ < 2π satisfying

sin θ + 2 sin(2θ) + 3 sin(3θ) = 0.

Find
∑︂
θ∈S

1

cos2 θ
.

4. Let AB be a diameter of a unit circle ω1 centered at O. Circles ω2 and ω3 lie inside ω1 and are
each tangent to both ω1 and AB. Suppose that both O and the center of ω3 lie on ω2. Find the
radius of ω3.

5. Compute the exponent of 2 in the prime factorization of

342∏︂
k=1

(3k − 2) = 1 · 4 · 7 · · · 1024.

6. Let a1, a2, . . . , a10 be positive real numbers satisfying a1a2 · · · a10 = 1. Find the minimum possible
value of

a1 + a22 + a23 + a34 + a35 + a36 + a47 + a48 + a49 + a410.

7. Call an integer n ≥ 2 Ithacan if, for every nonnegative integer k such that 2k+2 ≤ n,(︃
n

2k

)︃
+

(︃
n

2k+1

)︃
+

(︃
n

2k+2

)︃
≡ 1 (mod 2).

For example, 4 is Ithacan, since the only possible value of k is 0, and(︃
4

1

)︃
+

(︃
4

2

)︃
+

(︃
4

4

)︃
= 4 + 6 + 1 = 11 ≡ 1 (mod 2).

Find the sum of all Ithacan integers less than or equal to 63.

8. A necklace consists of 2026 blue beads and some red beads, arranged in a circle. Every block of
consecutive beads that contains exactly 8 blue beads contains at least 5 red beads. What is the
smallest possible number of red beads on the necklace?

9. Determine the smallest integer n ≥ 4 such that, among any n distinct positive integers relatively
prime to 13, one can choose four pairwise distinct numbers a, b, c, d satisfying

13 | ad− bc.

10. Two congruent trapezoids, each having interior angles of measures 23◦ and 34◦, are placed in the
plane so that their boundaries divide the plane into regions, three of which are bounded regions
that are mutually similar triangles. Let θ be the degree measure of the largest angle of these
triangles. Compute the sum of all possible values of θ.


